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Abstract
In [3] and [11] the authors showed the existence of a Codazzi pair de-
fined on any constant mean curvature surface in the homogeneous spaces
E(κ, τ) associated to the Abresch-Rosenberg differential. In this paper,
we use the mentioned Codazzi pair to classify capillary disks in E(κ, τ).
As a consequence, the results presented in this paper generalize the previ-
ous classification of constant mean curvature disks in the product spaces
S2 × R and H2 × R in [4] and [5].
1 Introduction.
Heinz Hopf in [13] showed that any immersed constant mean curvature topolog-
ical sphere in R3 must be a round sphere. To do so, he introduced a quadratic
differential on any constant mean curvature surface, the Hopf differential, that
turns out to be holomorphic for the conformal structure defined by the first
fundamental of the surface and he observed that the zeroes of this differential
coincide with the umbilical points of the surface. Finally, using that any holo-
morphic quadratic differential defined on a topological sphere must be the trivial
one, the proof follows from the classification of umbilical surfaces in R3.
It should be remarked that the Codazzi equation of a constant mean curva-
ture surface (or H− surface) in R3 implies that the Hopf differential is holomor-
phic. Hence, as the Codazzi equation is the same in every 3-dimensional space
form, we can extend the Hopf Theorem to any space form.
Regarding H− surfaces with non-empty smooth boundary, J.C. Nistche in
[15] used the Hopf differential to classify free boundary constant mean curvature
disks (or H− disks) in the Euclidean ball of R3. He showed that the boundary is
a line of curvature. Then, he used the Schwarz Reflection Principle to concluded
that the Hopf differential vanishes on any free boundary H− disk and hence the
disk must be totally umbilical.
When the boundary is a piece-wise regular curve, J. Choe in [6] extended
Nitsche’s classification when the number of singular points is finite and some
additional conditions on the angles of the vertices given by these singular points.
Recently, A. Fraser and R. Schoen in [12] showed that any two-dimensional
free boundary immersion with parallel mean curvature in the Euclidean ball of
Rn must be totally umbilical. They proved that the complex quartic differential
obtained by squaring the Hopf differential of the surface is holomorphic.
The above classifications results show that the existence of a holomorphic
quadratic differential is a useful tool to classify H− surfaces of R3. Indeed,
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the underlying idea for the construction of the Hopf differential relies in the
Codazzi pair that can be defined on the surface, for example, on a constant
mean curvature surface in R3, the Codazzi pair is obtained by the first and the
second fundamental form. Under some geometrical conditions, a Codazzi pair
gives rise to holomorphic quadratic differential on the surface.
For surfaces in the homogeneous spaces with 4-dimensional isometry group
E(κ, τ), U. Abresch and H. Rosenberg in [1] showed the existence of a holo-
morphic quadratic differential, the Abresch-Rosenberg differential, on any H−
surface. Hence, they classified the topological spheres with constant mean cur-
vature as the rotationally symmetric ones.
In the same spirit of J. Nitsche, I. Ferna´ndez and M. Do Carmo used the
Abresch-Rosenberg differential to classify H−disks in the product spaces S2×R
and H2 × R; they proved that the H− disk that meets an Abresch-Rosenberg
surface, i.e, those whose Abresch-Rosenberg differential along its boundary at a
constant angle is part of an Abresch-Rosenberg surface under certain geometri-
cal conditions. Similar results have been obtained by M. P. Cavalcante and J.
Lira in [5], they proved that a H−disk in the product spaces that meets a slice
at a constant angle is a cap.
The aim of this paper is to classify H− disks in any homogeneous space
E(κ, τ). Recently, in [11] the authors defined a Codazzi pair (I, IIAR) such that
the (2, 0)- part of IIAR is the Abresch-Rosenberg differential for a H− surface in
E(κ, τ). Then, we use the mentioned Codazzi pair to establish a Joachimstahl’s
Type Theorem for the intersection of H− surfaces, in this way, we can use the
Abresch-Rosenberg differential to classify H− disks in E(κ, τ).
As a consequence, we will show that our results generalize the previous clas-
sification of H−disks in the product spaces S2 ×R and H2 ×R by I. Ferna´ndez
and M. Do Carmo and we will get a classification for H− disks in E(κ, τ), when
τ 6= 0.
The content of this paper is organized as follows:
In section 2, we set up the notation that will be used along this paper and
we review standard facts about H−surfaces in E(κ, τ), as well as, the abstract
theory of the Codazzi pairs in Riemannian surfaces. Finally, we recall the defi-
nition of the Abresch-Rosenberg shape operator for a H− surface in E(κ, τ) and
its properties.
In section 3, we define the lines of curvature respect to the Abresch-Rosenberg
shape operator and we show the Key Lemma of this work. In fact, the Key
Lemma is a Joachimstalh’s Type Theorem for the intersection of H− surfaces
in E(κ, τ). Later, we prove that natural geometric configurations about the in-
tersection of the H− surfaces imply the conditions of the Key Lemma.
Finally, in section 4, we apply the Key Lemma to classify H− disks in E(κ, τ)
that meet an Abresch-Rosenberg surface along its boundary at a constant angle.
First, we classify these types surfaces with smooth boundary and assuming
certain geometrical conditions. After, we extend the previous classification to
piece-wise differentiable boundary case assuming that the number of singular
points is finite and additional suppositions on the angles of the vertices by using
a general result about Codazzi pairs in [8].
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2 Preliminaries
In this preliminary section, we summarize the general theory of H− surfaces in
homogeneous Riemannian manifolds and the abstract theory of Codazzi pairs
in Riemannian surfaces, for this we follow the references [3, 7, 9, 10, 16].
2.1 Homogeneous Riemanniann Manifolds E(κ, τ).
The simply connected homogeneous Riemannian manifolds whose isometry group
have dimension 4 are the three dimensional Riemannian manifolds that fiber over
a simply connected two dimensional manifolds space form M2(κ) and its fibers
are the trajectories of a unitary Killing vector field ξ. According to standard
notation, we embrace these spaces as E(κ, τ), where κ and τ are constants so
that κ− 4τ2 6= 0.
In fact, the homogeneous manifolds E(κ, τ) can be classified depending of
numbers κ and τ ([16]); if τ = 0, E(κ, τ) is the product space M2(κ) × R,
where M2(κ) = S2(κ) if κ > 0 (S2(κ) the sphere of constant curvature κ), or
M2(κ) = H2(κ) if κ < 0 (H2(κ) the hyperbolic plane of constant curvature κ).
If τ 6= 0, E(κ, τ) is either a Berger sphere if κ > 0, or a Heisenberg space if
κ = 0, or the universal cover of PSL(2,R) if κ < 0. Henceforth we will suppose
κ is plus or minus one or zero.
As we said, The homogeneous space E(κ, τ) is a Riemannian submersion
pi : E(κ, τ) → M2(κ) over a simply connected surface of constant sectional
curvature κ. The fibers are the inverse image of a point at M2(κ) by pi. The
fibers are the trajectories of a unitary Killing field ξ, called the vertical vector
field.
Denote by∇ the Levi-Civita connection of E(κ, τ), then for allX ∈ X(E(κ, τ)),
the following equation holds [16]:
∇Xξ = τX ∧ ξ,
where τ is the bundle curvature.
2.2 Immersed surfaces in E(κ, τ).
Let Σ ⊂ E(κ, τ) be an oriented immersed connected surface. We endow Σ with
the induced metric of E(κ, τ), the first fundamental form, which we denote by
〈, 〉. Denote by ∇, R and A the Levi-Civita connection, the Riemann curvature
tensor and the shape operator of Σ respectively. So,
AX = −∇XN for all X ∈ X(Σ),
where N is the unit normal vector field along the surface Σ. Then II(X,Y ) =
〈AX,Y 〉 is the second fundamental Form of Σ.
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Moreover, denote by J the oriented rotation of angle pi2 on TΣ, defined by
the formula
JX = N ∧X for all X ∈ X(Σ),
where ∧ denotes the wedge product of vector fields. Set ν = 〈N, ξ〉 and
T = ξ − νN , that is, ν is the normal component of the vertical vector field ξ,
called the angle function, and T is the tangent component of the vertical vector
field ξ.
In terms of a local conformal parameter z, the first fundamental form I = 〈, 〉
and the second fundamental form are given by
I = 2λ|dz|2 (1)
II = Qdz2 + 2λH|dz|2 +Qdz2, (2)
where Qdz2 = −〈∇∂zN, ∂z〉 is the usual Hopf differential of Σ. Hence, in this
conformal coordinate, we have the following:
Lema 1 ([9, 10]). Given an immersed H−surface Σ ⊂ E(κ, τ), the following
equations are satisfied:
K = Ke + τ
2 + (κ− 4τ2)ν2 (3)
Qz = λ(κ− 4τ2)νt (4)
tz =
λz
λ
t +Qν (5)
tz = λ(H + iτ)ν (6)
νz = −(H − iτ)t− Q
λ
t (7)
|t|2 = 1
2
λ(1− ν2), (8)
where t = 〈T, ∂z〉, t = 〈T, ∂z〉, Ke is the extrinsic curvature and K is the
Gaussian curvature of Σ.
For an immersed H−surface Σ ⊂ E(κ, τ), we can define a global quadratic
differential.
Definition 1 ([1, 2]). Given a local conformal parameter z for I, the Abresch-
Rosenberg differential is defined by:
QAR = QARdz2 = (2(H + iτ)Q− (κ− 4τ2)t2)dz2.
Note that QAR do not depend on the conformal parameter z, hence QAR is
globally defined on Σ.
Therefore using the definition of the Abresch-Rosenberg differential and
Lema 1, we obtain
Theorem 1 ([1, 2]). Let Σ be a H- surface in E(κ, τ), then the Abresch-
Rosenberg differential QAR is holomorphic for the conformal structure induced
by the first fundamental form I.
In the following we recall the classification of the complete H−surfaces in
E(κ, τ) whose the Abresch-Rosenberg differential vanish.
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Theorem 2 ([1, 2, 10]). Let Σ ⊂ E(κ, τ) be a complete H− surface whose
Abresch-Rosenberg differential vanishes. Then Σ is invariant by a one parameter
group of isometries of E(κ, τ). Moreover, Σ is either a slice in S2×R or H2×R
if H = 0 = τ and in the case H2 + τ2 6= 0 the Gauss curvature K of these
examples satisfies:
• If either 4(H2 + τ2) > κ− 4τ2 when κ− 4τ2 > 0 or H2 + τ2 > −(κ− 4τ2)
when κ − 4τ2 < 0, then K > 0, i.e, Σ is a rotationally invariant sphere.
In particular, 4H2 + κ > 0 .
• If 4H2 + κ = 0 and ν = 0, then K = 0, i.e Σ is either a vertical plane in
Nil3 or a vertical cylinder over a horocycle in H2 × R or ˜PSL(2,R).
• There exists a point with negative Gauss curvature in the rest of examples.
Then the above theorem motivates the following definition
Definition 2. A complete H− surface Σ immersed in E(κ, τ) is an Abresch-
Rosenberg surface if the Abresch-Rosenberg differential QAR vanishes on Σ. In
particular by Theorem 2, the surface Σ must be invariant by a one parameter
group of isometries of E(κ, τ).
In Figure 1, we show the meridians of the Abresch-Rosenberg surfaces in the
product spaces S2(κ) × R and H2(κ) × R. In [1], the authors gave a complete
description of these surfaces.
2.3 Codazzi Pairs on Surfaces.
One important tool in this paper is Codazzi pairs. We follow [3] and references
therein. We shall denote by Σ an orientable (and oriented) smooth Riemannian
surface. Otherwise we would work with its oriented two-sheeted covering.
Definition 3. A fundamental pair on Σ is a pair of real quadratic forms (I, II)
on Σ, where I is a Riemannian metric.
Associated with a fundamental pair (I, II) we define the shape operator S
of the pair as:
II(X,Y ) = I(S(X), Y ) for any X,Y ∈ X(Σ). (9)
Conversely, it is clear from (9) that the quadratic form II is totally deter-
mined by I and S. In other words, to give a fundamental pair on Σ is equivalent
to give a Riemannian metric on Σ together with a self-adjoint endomorphism
S.
We define the mean curvature H(I, II), the extrinsic curvature K(I, II) and
the principal curvatures of the fundamental pair (I, II) as one half of the trace,
the determinant and the eigenvalues of the endomorphism S, respectively.
Now, consider Σ as a Riemann surface with respect to the metric I and take
a local conformal parameter z, then we can write
I = 2λ |dz|2,
II = Q(I, II) dz2 + 2λH |dz|2 +Q(I, II) dz¯2. (10)
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(a) Meridians of CMC spheres S2H in
S2(κ)× R
(b) Meridians of the CMC surfaces C2H of
catenoidal type in H2(κ)× R
(c) Meridians of CMC spheres S2H and
disk-like cmc surfaces D2H in H
2(κ)× R
(d) Parabolic CMC surfaces P 2H come as limits
in H2(κ)× R
Figure 1: Meridians of CMC surfaces in the product spaces M2(κ) × R whose
the Abresch-Rosenberg differential vanishes
The quadratic form Q(I, II) dz2, which does not depend on the chosen pa-
rameter z, is known as the Hopf differential of the pair (I, II). A specially
interesting case happens when the fundamental pair satisfies the Codazzi equa-
tion, that is,
Definition 4. We say that a fundamental pair (I, II), with shape operator S,
is a Codazzi pair if
∇XSY −∇Y SX − S[X,Y ] = 0, X, Y ∈ X(Σ), (11)
where ∇ stands for the Levi-Civita connection associated with the Riemannian
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metric I and X(Σ) is the set of smooth vector fields on Σ.
Let us also observe that, by equations (10) and (11), we obtain that the
fundamental pair (I, II) is a Codazzi pair if and only if
Q(I, II)z¯ = λH(I, II)z.
Thus, one has the T.K Milnor Theorem:
Lema 2 ([14]). Let (I, II) be a fundamental pair. Then, any two of the condi-
tions (i), (ii), (iii) imply the third:
(i) (I, II) is a Codazzi pair.
(ii) H(I, II) is constant.
(iii) The Hopf differential Q(I, II) dz2 of the pair (I, II) is holomorphic.
2.4 The Abresch-Rosenberg shape operator
Now, we recall the definition of the Codazzi pair on any H−surface in E(κ, τ)
such that the Abresch-Rosenberg differential appears as its Hopf differential.
First, we study the case τ = 0. After, we study the case τ 6= 0.
2.5 H−surfaces in M2(κ)× R.
Consider a complete immersed H−surface Σ ⊂ M2(κ) × R. According to the
notation introduced above, we define the self-adjoint endomorphism S along Σ
as
SARX = 2H AX − κ〈X,T〉T + κ
2
|T|2X − 2H2X, (12)
where X ∈ X(Σ). Now consider the quadratic form IIAR associated to SAR
given by (12). In [3], it was shown that (I, IIAR) is a Codazzi pair on Σ when
H is constant. Moreover, it is traceless, i.e., tr(SAR) = 0 = H(I, IIAR), and the
Hopf differential associated to (I, IIAR) is the Abresch-Rosenberg differential
QAR in M2(κ)× R.
2.6 H−surfaces in E(κ, τ) with τ 6= 0.
Let Σ be a H−surface in E(κ, τ), τ 6= 0. In this case we have that H2 +
τ2 > 0. According to the notation introduced above, we define the self-adjoint
endomorphism S along Σ as
SARX = A(X)− α〈Tθ, X〉Tθ + α |T|
2
2
X −HX, (13)
where
• α = κ− 4τ
2
2
√
H2 + τ2
,
• e2iθ = H−iτ√
H2+τ2
and
• Tθ = cos θT + sin θJT.
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Now, consider the quadratic form IIAR associated to SAR given by (13). In
[11], it was shown that (I, IIAR) is a Codazzi pair on Σ when H is constant.
Moreover, it is traceless and the Hopf differential associated to (I, IIAR) is the
Abresch-Rosenberg differential QAR in M2(κ)× R up to the constant H + iτ .
3 Abresch-Rosenberg lines of curvature.
We begin this section by defining the concept of line of curvature with respect
to the Abresch-Rosenberg shape operator of a H−surface Σ in E(κ, τ) and we
characterize these curves in terms of the Abresch-Rosenberg differential.
Definition 5. Let Σ be a H−surface in E(κ, τ) and Γ a regular curve parametrized
by γ : (−, )→ Σ. We say that Γ = γ(−, ) is a line of curvature with respect
to the Abresch-Rosenberg shape operator SAR if there exists a smooth function
λ : (−, ) → R such that SAR(γ′(t)) = λ(t)γ′(t). In such case, we call Γ an
Abresch-Rosenberg line of curvature, in short, an AR-line of curvature.
Definition 5 says that the tangent vector of γ is an eigenvector of SAR along
γ. So, the definition is nothing but the natural extension of a line of curvature
to the case of the Abresch-Rosenberg shape operator SAR for a H−surface in
E(κ, τ). In analogy with the situation in R3 (see [6]), there exists a link between
lines of curvatures with respect to SAR and the Abresch-Rosenberg differential
QARdz2.
Proposition 3. Let Σ be a H−surface in E(κ, τ). Then, γ : (−, ) → Σ is a
line of curvature for SAR if, and only if, the imaginary part of Q
ARdz2 vanishes
along γ.
Proof. Let z = u + iv be a local conformal parameter of Σ for the first funda-
mental form I and set
IIAR(∂u, ∂u) = I(SAR(∂u), ∂u) = L,
IIAR(∂u, ∂v) = I(SAR(∂u), ∂v) = M,
IIAR(∂v, ∂v) = I(SAR(∂v), ∂v) = N.
The curve γ(t) = (u(t), v(t)) is a line of curvature with respect to SAR if,
and only if, SAR(γ
′(t)) = λ(t)γ′(t). In the local coordinates (u, v) this means[
L(γ(t)) M(γ(t))
M(γ(t)) N(γ(t))
] [
u′(t)
v′(t)
]
= λ(t)
[
u′(t)
v′(t)
]
. (14)
Hence, from (14), we get the following linear system
L(γ(t))u′(t) +M(γ(t))v′(t) = λ(t)u′(t),
M(γ(t))u′(t) +N(γ(t))v′(t) = λ(t)v′(t).
(15)
On the one hand, from (15), we obtain
M(γ(t))(v′(t))2 + (L(γ(t))−N(γ(t)))u′(t)v′(t)−M(γ(t))(u′(t))2 = 0. (16)
On other hand, from the definition of the Abresch-Rosenberg differential
QAR(γ(t))dz(γ(t))2 = (L(γ(t))−N(γ(t))− 2iM(γ(t)))dz(γ(t))2, (17)
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then, a straightforward computation shows that the imaginary part is given by
Im(QAR(γ(t))dz(γ(t))2) = M(γ(t))(v′(t))2 + (L(γ(t))−N(γ(t)))u′(t)v′(t)
−M(γ(t))(u′(t))2,
(18)
hence, (18) is nothing but the left hand side of (16). This shows that the
imaginary part of (17) vanishes when γ(t) is line of curvature with respect to
SAR.
Reciprocally, assume that the imaginary part of QAR(γ(t))dz(γ(t))2 is zero,
this condition is given by (18). Then, for all t ∈ (−, ) so that u′(t) 6= 0 and
v′(t) 6= 0 we have
M(γ(t))v′(t) + L(γ(t))u′(t)
u′(t)
=
N(γ(t))v′(t) +M(γ(t)u′(t))
v′(t)
. (19)
Now, define the function λ : (−, )→ R as follows
λ(t) =

M(γ(t))v′(t)+L(γ(t))u′(t)
u′(t) for t such that u
′(t) 6= 0 and v′(t) 6= 0,
L(γ(t)) for t such that u′(t) 6= 0 and v′(t) = 0,
N(γ(t)) for t such that u′(t) = 0 and v′(t) 6= 0.
Therefore, (15) and (19) imply SAR(γ
′(t)) = λ(t)γ′(t) for all t ∈ (−, ), this
shows γ′(t) is line of curvature respect to SAR.
Next, we will establish a Joachimstahl’s Type Theorem for the intersection
of H−surfaces in E(κ, τ). This is a key step in this work.
Lema 4 (Key Lemma). Let Σi ⊂ E(κ, τ) i = 1, 2 be Hi−surfaces so that
Σ1 ∩ Σ2 6= ∅. Let Γ ⊂ Σ1 ∩ Σ2 be a regular curve of transversal intersection.
Assume that along Γ it holds
a) 〈N1, N2〉 is constant and
b)
√
H21 + τ
2〈T2θ2 , N1〉〈J2T2θ2 , N1〉 =
√
H22 + τ
2〈T1θ1 , N2〉〈J1T1θ1 , N2〉,
where e2iθi = Hi−iτ√
H2i +τ
2
, Tiθi = cos θiTi + sin θiJTi and JT
i
θi
= Ni ∧ Tiθi for
i = 1, 2. Then, Γ is an AR-line of curvature for Σ1 if, and only if, Γ is an
AR-line of curvature for Σ2.
Proof. We assume that Γ is an AR-line of curvature for Σ2, the other case is
completely analogous. First, since 〈N1(γ(t)), N2(γ(t))〉 is constant along Γ =
γ(−, ), where γ is parametrized by arc-length, then
〈A1(γ′(t)), N2(γ(t))〉+ 〈N1(γ(t)), A2(γ′(t))〉 = 0, (20)
where A1 and A2 are the shape operators of the second fundamental forms of Σ1
and Σ2 respectively. Now, relating A1 and A2 with S
1
AR and S
2
AR respectively
and using that γ(t) is a line of curvature for S2AR, we can rewrite (20) as:
−α1〈T1θ1 , γ′(t)〉〈T1θ1 , N2〉−〈S1AR(γ′(t)), N2〉−α2〈T2θ2 , γ′(t)〉〈T2θ2 , N1〉 = 0, (21)
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where αi =
κ−4τ2
2
√
H2i +τ
2
and Tiθi = cos θiTi + sin θiJTi, i = 1, 2.
We can orient γ so that (1 − d2)−1N1 ∧ N2 = γ′(t), where d is the contact
constant angle between Σ1 and Σ2.
Since the intersection is transversal, {N1, N2, γ′(t)} is an oriented basis of
Tγ(t)E(κ, τ) for each t were the intersection is transversal. Then, the following
equations hold:
〈T1θ1 , γ′(t)〉 = (1− d2)−1〈T1θ1 , N1 ∧N2〉 = −(1− d2)−1〈J1T1θ1 , N2〉,
〈T2θ2 , γ′(t)〉 = (1− d2)−1〈T2θ2 , N1 ∧N2〉 = (1− d2)−1〈J2T2θ2 , N1〉,
(22)
where JiT
i
θi
= Ni ∧Tiθi for i = 1, 2. Therefore, (21) and (26) imply that
〈S1AR(γ′(t)), N2〉 =
(1− d2)−1(κ− 4τ2)√
H21 + τ
2
〈T1θ1 , N2〉〈J1T1θ1 , N2〉
− (1− d
2)−1(κ− 4τ2)√
H22 + τ
2
〈T2θ2 , N1〉〈J2T2θ2 , N1〉
= 0,
where we have used item b). Thus, 〈S1AR(γ′(t)), N2〉 = 0 along Γ. Therefore,
since 〈S1AR(γ′(t)), N1〉 = 0 along Γ, we obtain that S1AR(γ′(t)) = λ(t)γ′(t), that
is, Γ is an AR-line of curvature for Σ1.
Observe that we can see item b) above geometrically as follows. Let X be a
unitary vector field along Σ, not necessarily tangential. Then, {Tθ, JTθ} is an
orthogonal frame along Σ away from the points where |T| = 0. Let β be the
(oriented) angle between T and X, that is,
〈T, X〉 = |T| cosβ,
and hence,
2〈Tθ, X〉〈JTθ, X〉 = |T|2 sin(2(β − θ)).
So, coming back to the situation on the Key Lemma, let ωij denote the
(oriented) angle between Ti and Nj , for i, j = 1, 2 and i 6= j. Hence, item b)
can be re-written as
|T1|2√
H21 + τ
2
sin(2(ω12 − θ1)) = |T2|
2√
H22 + τ
2
sin(2(ω21 − θ2)).
The Key Lemma gives us general conditions for Γ being an AR-line of curva-
ture of both surfaces Σ1 and Σ2. Nevertheless, we will see that certain geometric
configurations imply the conditions on the Key Lemma.
A curve Γ on a surface Σ in M2(κ) × R is horizontal if Γ is contained in a
horizontal slice M2(κ)× {ξ0}, for some ξ0 ∈ R. On the other hand, the curve Γ
in Σ is said to be vertical if it is an integral curve of the vector field T.
Corollary 1. Let Σ1 and Σ2 two constant mean curvature surfaces inM2(κ)×R
with mean curvatures H1 and H2, normal vectors N1 and N2 and angle functions
ν1 and ν2, respectively. Let Γ ⊂ Σ1 ∩ Σ2 be a regular curve parametrized by γ.
Suppose that Σ1 and Σ2 intersects transversally along Γ at a constant angle
and Γ is a AR-line of curvature for Σ1. Assume along Γ one of the following
conditions holds:
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1. Γ is an horizontal curve of Σ1.
2. Γ is a vertical curve of Σ1 and Σ2.
3. If H1 = H2 6= 0 , the angle function ν1 is opposite to the angle function
ν2.
Then Γ is an AR-line of curvature for Σ2.
Proof. In the first case, assume that Γ = γ(−, ) where γ is parametrized by
arc-length. In M2(κ) × R, we have T1θ1 = T1 and T2θ2 = T2. Since γ is
horizontal, we obtain
(1− d2)〈J1T1θ1 , N2〉 = −〈T1, γ′(t)〉 = −〈ξ, γ′(t)〉 = 0,
(1− d2)〈J2T2θ2 , N1〉 = 〈T2, γ′(t)〉 = 〈ξ, γ′(t)〉 = 0.
(23)
From (23) and Lemma 4, then γ(t) is AR-line of curvature of Σ2.
In the second case, T2 = T1 = γ
′(t) for each t, hence 〈T1, N2〉 = 〈T2, N1〉 =
0 so the hypothesis of Lemma 4 holds clearly and then γ is a AR-line of curva-
ture of Σ2.
In the third case, suppose H1 = H2 = H and ν1 = −ν2, therefore
H〈T2, N1〉〈T2, γ′(t)〉 = H〈T2, N1〉〈ξ, γ′(t)〉
= H(ν2 − ν1d)〈T1 + ν1N1, γ′(t)〉
= −H(ν1 − ν2d)〈T1, γ′(t)〉
= −H〈T1, N2〉〈T1, γ′(t)〉.
(24)
Hence, from (22) and (24), we can see again that the hypothesis of Lemma
4 hold. Then, in any case, Γ is a AR-line of curvature of Σ2.
Next, we give certain geometric configurations for H− surfaces in E(κ, τ),
τ 6= 0, that imply the Key Lemma.
Corollary 2. Let Σ1 and Σ2 two H− surfaces in E(κ, τ), τ 6= 0, with normal
vectors N1 and N2 and angle functions ν1 and ν2, respectively. Let Γ ⊂ Σ1∩Σ2
be a regular curve. Suppose that Σ1 and Σ2 intersect along Γ at a constant
angle. Assume also that
1. If both surfaces are tangent along Γ, then N1 = N2 along Γ.
2. If the intersection is transversal along Γ, then their respective angle func-
tions satisfy ν1 = −ν2 along Γ.
Then, Γ is AR-line of curvature for Σ1 if, and only if, Γ is AR-line of
curvature for Σ2.
Proof. Let SiARX = Ai(X) − αi〈Tiθi , X〉Tiθi +
αi|Ti|2
2 X − HiX the Abresch-
Rosenberg shape operator of Σi, i = 1, 2 and J1, J2 the rotations on the tangent
bundles of Σ1 and Σ2 respectively.
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In the first case, we have that T1θ1 ≡ T2θ2 along Γ since T1 ≡ T2 and the
surfaces has the same mean curvature. Moreover, if Γ = γ(−, ), therefore
J1γ
′ = J2γ′ and so II1AR(γ
′, J1γ′) = II2AR(γ
′, J2γ′).
Suppose now that we are in case 2, then θ1 = θ2 = θ and this implies
α1 = α2 = α, so
α〈T1θ, γ′(t)〉〈T1θ, N2〉 = α〈T1, γ′(t)〉〈T1, N2〉 cos2 θ
+ α cos θ sin θ〈T1, γ′(t)〉〈J1T1, N2〉
+ α〈J1T1, γ′(t)〉〈T1, N2〉 sin θ cos θ
+ α〈J1T1, γ′(t)〉〈J1T1, N2〉 sin2 θ.
(25)
We oriented γ such that {N1, N2, γ′(t)} is an oriented basis of Tγ(t)E(κ, τ)
for each t were the intersection is transversal, then the following equations holds
〈J1T1, γ′(t)〉 = 〈N1 ∧T1, γ′(t)〉 = (1− d2)〈N2,T1〉.
〈J1T1, N2〉 = 〈N1 ∧T1, N2〉 = − 1
1− d2 〈γ
′(t),T1〉.
(26)
Hence using (26) in the equation (25), we can rewrite the equation (25) as
α〈T1θ, γ′(t)〉〈T1θ, N2〉 = α(cos2 θ − sin2 θ)〈T1, γ′(t)〉〈T1, N2〉
+ α cos θ sin θ(〈T1, N2〉2 − 〈T1, γ′(t)〉2).
(27)
Analogously, we obtain
α〈T2θ, γ′(t)〉〈T2θ, N1〉 = α(cos2 θ − sin2 θ)〈T2, γ′(t)〉〈T2, N1〉
+ α cos θ sin θ(〈T2, γ′(t)〉2 − 〈T2, N1〉2).
(28)
Now, the hypothesis implies that
〈T1, N2〉 = ν2 − ν1d = −〈T1, N2〉
〈T1, γ′(t)〉 = 〈T2, γ′(t)〉 = 〈ξ, γ′(t)〉.
(29)
Finally, we substitutes the equations in (29) in the equation (27) and then
from equation (28), we obtain√
H2 + τ2〈T2θ, N1〉〈J2T2θ, N1〉 =
√
H2 + τ2〈T1θ, N2〉〈J1T1θ, N2〉,
therefore, the Lemmma 4 shows that Γ is and AR-line of curvature of Σ1 if, and
only if Γ is an AR- line of curvature of Σ2.
Remark 1. Note that we are assuming H2 + τ2 6= 0. When τ = 0, we consider
the usual Abresch-Rosenberg shape operator. In [4], the authors studied lines
of curvature with respect to the usual Abresch-Rosenberg shape operator and
classified disks immersions in M2(κ)×R. Their principal result is contained in
Corollary 2, when τ = 0. Hence, Lemma 4 can be seen as a generalization to
the case τ 6= 0.
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4 Capillary disks in E(κ, τ).
Throughout this section, we will denote by φ : D→ E(κ, τ) an immersion from
the disk D = {z ∈ C : |z| < 1} onto E(κ, τ) of constant mean curvature, we call
it H−disk. Moreover, we will assume that the boundary Γ is a smooth curve.
4.1 Immersed compact disks in E(κ, τ), τ = 0
The classification of immersed compact disks with constant mean curvature in
M2(κ) × R has been studied by M. Do Carmo and I. Ferna´ndez in [4], under
certain conditions on the curve Γ, they showed that φ(D) is part of an Abresch-
Rosenberg surface in M2(κ) × R. In this section, we will classified immersed
compact disks, assuming more general geometric conditions about Γ than the
conditions given in [4].
Let Ω be an Abresch-Rosenberg surface in M2(κ) × R. We denote by ν1 =
〈ξ,N1〉 the angle function defined along the immersion φ, where N1 is the unit
normal vector field defined along φ(D) and by ν2 = 〈ξ,N2〉 the angle function
defined along Ω, where N2 is the unit normal vector field defined along surface
Ω.
Theorem 3. Let φ : D → M2(κ) × R be a non minimal H1−disk with reg-
ular boundary Γ. Suppose that φ meets transversally an Abresch-Rosenberg
H2−surface Ω along Γ at a constant angle. Assume also that Γ is of one of
the following types:
1. Γ is an horizontal curve.
2. Γ is a vertical curve of the immersion φ and the surface Ω.
3. If H1 = H2, and ν1 = −ν2 along Γ.
Then, φ(D) is part of an Abresch-Rosenberg surface in M2(κ)× R.
Proof. Set φ(S1) = Γ. Since Γ is an AR-line of curvature of the Abresch-
Rosenberg surface Ω, then from the hypothesis and Corollary 1, γ is an AR-line
of curvature of the immersion φ. So, from Proposition 3, the imaginary part of
the Abresch-Rosenberg differential must be zero along γ. Finally, the Schwarz
Reflection Principle implies that the Abresch-Rosenberg differential must be
zero on φ(D) and Theorem 2 gives the result.
Example 1. In H2 ×R. Consider the totally geodesic plane Σ parametrized as
ψ(x, y) = (cosh(x), 0, sinh(x), y)
where x, y ∈ R and the rotational sphere Ω with constant mean curvature 1√
2
parametrized as
ϕ(u, v) = (cosh(r(u)), sinh(r(u)) cos(v), sinh(r(u)) sin(v), h(u))
where (u, v) ∈ [−1, 1]×R/2pi, r(u) = 2arcsinh(√1− u2) and h(u) = 4√
2
arcsin(
√
2
2 u).
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Observe that the surface Σ is an example of a minimal surface whose Abresch-
Rosenberg differential does not vanish [see [1],section 4], moreover, a straight-
forward computation shows that
Nψ(x, y) = (0, 1, 0, 0)
and
Nϕ(u, v) = (h
′(u) sinh(r(u)), h′(u) cos(v) cosh(r(u)), h′(u) cosh(r(u)) sin(v),−r′(u))
are the normal vector fields of ψ and ϕ respectively.
Now, the intersection set C = Σ ∩ Ω is the curve parametrized by γ as
γ(s) = (cosh(r(s)), 0, sinh(r(s)) sin(t), h(s)),
where s ∈ [−1, 1] and t = pi2 or t = 3pi2 . So, computing 〈Nψ, Nϕ〉 along the curve
γ, we find that
〈Nψ, Nϕ〉|γ(s) = h′(s) cos(t) cosh(r(s)) = 0.
Hence, along γ, the surfaces Σ and Ω intersect at constant angle.
Finally, we define the surface Γ that is the part of the totally geodesic plane
Σ inside of the rotational surface Ω after of the intersection Σ ∩ Ω. Then we
have that ∂Γ ≡ C and there exists an immersion φ : D→ Σ such that
• φ(D) = Γ,
• φ(S1) = C and
• φ meets Ω along the curve C at a constant angle,
but φ is not a part of an Abresch-Rosenberg surface.
In Theorem 3 we have omitted two cases:
1. When Ω is a minimal Abresch-Rosenberg surface in M2(κ)× R then Ω is
a slice by Theorem 2. When Ω is a slice was studied in [5, Theorem 9].
2. When the immersion φ is a minimal disk and Γ is horizontal, one can solve
this case using the Maximum principle, comparing φ with a slice.
Remark 2. Theorem 3 generalizes the classification result given by Do Carmo
and Fernandez in [4, Corollary 4.1] for immersed compact disks with constant
mean curvature. We only assume that Γ is horizontal, without assuming that Γ
is a line of curvature of the second fundamental form of the immersion.
4.2 Immersed compact disks in E(κ, τ), τ 6= 0
Now, we deal withH− disks in E(κ, τ), τ 6= 0. We remember that for this class of
immersions, we consider the Abresch-Rosenberg shape operator on φ(D) defined
by formula (13). Then, using Corollary 2, we extend the above classification
result for the case τ 6= 0.
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Theorem 4. Let φ : D → E(κ, τ), τ 6= 0, be a H−disk with regular boundary,
suppose the boundary is parametrized by a regular curve γ and it is of one of
the following types
1. γ is the tangent intersection of the immersion φ with an Abresch-Rosenberg
surface Ω with the same mean curvature vector.
2. γ is the transverse intersection with constant angle of the immersion φ
with an Abresch-Rosenberg surface Ω with the same mean curvature and
whose angle function is opposite to the angle function of the immersion φ
along γ.
Then, φ(D) is a part of an Abresch-Rosenberg surface in E(κ, τ).
Proof. Set φ(S1) = Γ. Since Γ is an AR-line of curvature of the Abresch-
Rosenberg surface Ω, then from hypothesis and Corollary 2, γ is an AR-line of
curvature of the immersion φ. So, from Proposition 3, the imaginary part of
the Abresch-Rosenberg differential must be zero along γ. Finally, the Schwarz
Reflection Lemma implies that the Abresch-Rosenberg differential must be zero
on φ(D) and Theorem 2 gives the result.
4.3 Immersed compact disks with non-regular boundary
in E(κ, τ).
Now, we will study H−disks φ : D→ E(κ, τ) with piece-wise regular boundary.
Indeed, we suppose that φ(D) is contained in the interior of a differentiable sur-
face without boundary in E(κ, τ).
First, we will recall a result that gives conditions for a disk type surface to
be umbilical with respect to a Codazzi pair with constant mean curvature.
Theorem 5 ([8]). Let Σ be a compact disk with piece-wise smooth boundary.
We will call the vertices of the surface to the finite set of non-regular boundary
points. Assume that Σ is contained as an interior set in a differentiable surface
Σˆ without boundary.
Let (I, II) be a Codazzi pair with constant mean curvature H(I, II) on Σˆ.
Assume also that the following conditions holds:
1. The number of vertices in ∂Σ with an angle < pi (measured with respect
to the metric I) is less than 3.
2. The regular curves in ∂Σ are lines of curvature for the pair (I, II)
Then Σ is totally umbilical for the pair (I, II).
If Σ is a H− surface in E(κ, τ), therefore the fundamental pair (I, IIS)
defined by equation (12) when τ = 0 and by equation (13) when τ 6= 0 is a
Codazzi pair and the mean curvature of pair H(I, IIS) is constant. Then, using
Theorem 5 we obtain the following:
Theorem 6. Let Σ be a H− disk in E(κ, τ) with piece-wise differentiable bound-
ary. Assume also that the following conditions are satisfied:
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1. Σ is contained as an interior set in a smooth H-surface Σˆ in E(κ, τ)
without boundary.
2. The number of vertices in ∂Σ with angle < pi is less than or equal to 3.
3. The regular curves in ∂Σ are AR-lines of curvatures of Σ.
Then, Σ is a part of an Abresch-Rosenberg surface in E(κ, τ).
Theorem 3 shows that if a H− disk in M2(κ) × R with horizontal curve Γ
as boundary meets an Abresch-Rosenberg surface at a constant angle along Γ,
then Γ is an AR- line of curvature of the immersion, hence Theorem 6 implies
the following corollary:
Corollary 3. Let φ : D → M2(κ) × R be a non minimal H− disk, with piece-
wise differentiable boundary Γ that meets transversally an Abresch-Rosenberg
H2− surface Ω along Γ at a constant angle. Assume also that the following
conditions are satisfied:
1. φ(D) is contained as an interior set in a smooth H−surface Σˆ in E(κ, τ)
without boundary.
2. The number of vertices in Γ with angle < pi is less than or equal to 3.
3. Every regular component γ of Γ is a one of following types:
• γ is a horizontal curve of Ω.
• γ is a vertical curve of immersion φ and the surface Ω.
• If H = H2 then the angle function of immersion φ is opposite to the
angle function of Ω along γ.
Then, φ(D) is a part of an Abresch-Rosenberg surface in M2(κ)× R.
Theorem 4, shows that if a H− disk in E(κ, τ), τ 6= 0, has regular boundary,
then under certain conditions over Γ, we conclude that Γ is an AR- line of
curvature of the immersion. So, using Theorem 6, we obtain:
Corollary 4. Let φ : D → E(κ, τ), τ 6= 0, be a H−disk with piece-wise differ-
entiable boundary Γ. Assume also that the following conditions are satisfied:
1. φ(D) is contained as an interior set in a smooth H−surface Σˆ in E(κ, τ)
without boundary.
2. The number of vertices in Γ with angle < pi is less than or equal to 3.
3. Every regular component γ of Γ is one of the following types:
• γ is a tangent intersection of φ(D) with an Abresch-Rosenberg surface
Ω with the same mean curvature vector.
• γ is a transverse intersection with constant angle of φ(D) with an
Abresch-Rosenberg surface Ω with the same constant mean curvature
and whose angle function is opposite to the angle function φ(D) along
γ.
Then, φ(D) is a part of an Abresch-Rosenberg surface in E(κ, τ).
The author was supported by CAPES-Brazil and by CNPq-Brazil.
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